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A Langevin equation is derived for the strong 
plasma turbulence with the thermal excitations as [I] 
a - -
- / + £'/ = S +Sth at (1) 
£lJ·· = £ (lJQ) + Yl~lJ··' Yi k = - L M· kp M: kp8*kpl f12 I, 
, /). l, q l, q .q Jj ,p 
Si,k = w(t)~ Mi,kpqJ8kpq l:,1,pl:,i,q and w(t) is the 
Gaussian white noise term (See [1] for details.) 
The general solution is formally given as 
f(t) = exp [- £'tlf(O) + f: exp [- £'(t - 't)]{S(-t) + Sth('t)} d't (2) 
where - Am (m = 1,2,3 and A1 < A2 < A3) represents the 
eigenvalue of the non-normal matrix £, which gives the 
homogeneous solution of eq.(l) if £ is constant. The 
eigenvalue is determined by: 
det(AI + £,) = 0 (3) 
and I is a unit tensor. The eigenvector with the 
eigenvalue - A 1 corresponds to the least stable branch 
(mode) of which is the longest. Others with (- A2' - A3) 
denote highly-stable branches, which decay much faster. 
The matrix exp [- £(t - '"'C)] in eq.(2) is 
explicitly expressed in terms of Ai ,A2 and AJ as 
exp[- £(t - 't)] = A exp(- A1(t - 't)) 
+ A(2) exp(- A2(t - 't)) + A(3) exp(- A3(t - 't)) (4) 
The term for the least stable branch is taken as 
the dominant contribution. The term which is 
proportional to 1IA, is retained. We have the relation 
Equation (5) relates the fluctuation level, the correlation 
rate, the random self noise and the thermal noise. 
Therefore, this relation is considered as an extension of 
the fluctuation-dissipation theorem of the second kind. 
Terms (SiSj) could be given in terms of 
correlation functions (l:,il:, j). The average 
(l:,i, pl:,j, ql:,i, p'l:,j', q') is decomposed, and 
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We here employ the Ansatz of equivalence of correlation, 
i. e., (<;il:, j) = (10)· 
We employ an approximation that the cross-
correlations (Ah) (i ;I! j) are smaller than the auto-
correlations (tJJ. Equation (5) is decomposed as 
(7) 
where the matrix ~ is expressed in terms of the matrix 
A and other coupling coefficients as 
(8) 
and a similar relation is derived for cross-correlation 
functions.(Simplified notations I Jk) = (h, k/j, k) and 
IJk) = (/j, 10, k) (i;l! j) are used.) 
In order to obtain the analytic insight for the 
solution of eq.(7), let us employ a simplified estimation 
of the summation with a coefficient Co as 
By this approximation, the summation over p in the 
right hand side of eq.(7) is diagonalized with respect to 
the k-component, and eq.(7) is further simplified as 
(9) 
with the matrix element of1tmn ~ CoYvAm"A:m' The 
solution is given as 
(10) 
Equation (10) is a general solution of the strong 
plasma turbulence in the presence of the nonlinear 
instability, thermal noise and self-noise. In the zero-
gradient limit, this result recovers the fluctuation-
dissipation theorem in the thermodynamic limit. In the 
absence of the turbulence fluctuation which is driven by 
the pressure gradient, the result reduces to the fluctuation 
in thermodynamic equilibrium. In the thermodynamic 
equilibrium, an equi-partition law holds, and the 
spectrum is expressed in terms of temperature. 
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